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from different scales of motion or from different constituent com-
ponents of the source, for example, linear vs nonlinear terms. Such
analysis will be presented in future studies.
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Introduction

T HE possibility of controlling boundary layers to delay tran-
sition is a subject that has received much attention within

the aerodynamics research community because of the lower skin-
friction drag in laminar � ow. It has long been known that small
amounts of surface suction can, in theory, greatly enhance the sta-
bility characteristics of an attached boundary layer and thereby re-
duce drag and, hence, operating costs by delaying transition. At
Southampton over the past eight years there has been a program of
research into the experimental applicationof distributed suction for
theautomaticcontrolofboundary-layertransition.In the initialwork
a plate with two independentsuctionpanels was used, either with or
without a freestream pressure gradient. The individual suction � ow
rates were controlled, maintaining transition at a desired location
while minimizing a cost function based on the sum of squares of
the suction � ow rates,1,2 which gives a rough approximation to the
power consumption of the pumps used in the suction system. This
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formulation,which is basedon thedesignrequirementsfor a nacelle,
gives a nonlinearly constrained optimization problem. To solve it,
an algorithmwas developed3 basedon a gradientprojectionmethod.

In addition to the experimental work, which is detailed in
Refs. 1–3, a complementary program of theoretical modeling has
been performed.This work was aimed at both modeling the experi-
ments and extending the scope of the research by considering more
suctionpanelsand more realisticgeometries such as NACA airfoils.
The modeling consists of the numerical solution of an interactive
boundary-layer formulation for the � ow, a linear stability analysis
using the Orr–Sommerfeld equation, and transition prediction us-
ing the eN method, followed by an update of the suction � ow rates
using the same basic strategy as that used in the experiments. As
formulated, it mimics the experiments,which enables us to investi-
gate more complex con� gurations. This Note presents some of the
results from the theoretical modeling. Further details of our recent
work in this area can be found in Ref. 4.

The calculations described were performed for air at standard
conditions (m = 1.5 £ 10 ¡ 5 m2s ¡ 1) with a freestream velocity of
Ũ =20 ms ¡ 1 , a referencelengthof L̃ =1 m, and a valueof NT = 4.3
in the eN method, corresponding to a freestream turbulence level
of approximately 0.5% as found in the wind tunnel used for the
experiments.

Flat Plate Con� guration
Withno suction,transitionis predictedto occurat x ¼ 0.93, so that

any useful suctionpanelmust have at least its leadingedgeupstream
of this position.Calculationswere performed using a single suction
panel in the region 0.4 ·x ·0.72. Initially, as suction is applied,
the change in xT is close to linear, with a relatively small amount of
suction moving transition a signi� cant distance downstream until
xt ¼ 1.4, when Cq = ¡ ṽw / Ũ ¼ 10 ¡ 4 . However, as more suction is
applied, the slope of the curve changes until the transition asymp-
totes to a constant position between x =1.6 and 1.65. When this
occurs, the boundary layer on the suction panel is extremely thin,
and increasing the suction � ow rate has little effect on the stability
characteristics of the � ow downstream of the panel. Hence, for a
single panel, after a certain point, further suction effort is largely
wasted in terms of delaying the onset of transition. Furthermore,
a reasonable estimate of the maximum distance that transition can
be moved downstream is obtained by adding the transition posi-
tion with zero suction to the position of the downstream end of the
suction panel (xT = 0.93 + 0.72 =1.65).

A two-panel con� guration, similar to that used in the experi-
ments, was also investigated. The panels were at 0.28 ·x ·0.48
and 0.58 ·x ·0.78. Contours of the value of xT for combinations
of the suction � ow rates are shown in Fig. 1, as is the contourof the
cost function for the optimum value when xd = 1.5. In this case, it
is clear that there is a single global optimum for each value of xd

and that for low values of xd the optimum has essentially the same
suction � ow rate on both panels. The latter result was also found
in the experiments.2 The transition position and suction � ow rates
plotted against the iteration number k are shown in Fig. 2. There

Fig. 1 Transition position for two suction panels as a function of the
Cq £ £ 104; contours are for constant xT up to xT = 1.5 in increments of
0.1; also shown is the contour for the optimum value of the cost function
when xd = 1.5. The optimum is given by the point closest to the origin
where the lines are tangential.
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Table 1 Suction distribution and cost (Cq £ £ 10¡ 4) for the
six-panel � at plate

Panel number

xT 1 2 3 4 5 6 Cost

1.7 0.42 0.87 0.73 0.70 0.46 0.00 2.13
2.0 0.31 1.03 0.88 0.76 0.78 0.47 3.33
2.3 0.19 0.90 1.11 1.03 0.92 0.87 4.74
2.6 0.14 0.76 1.47 1.32 1.21 1.11 7.20
2.9 0.26 0.66 1.43 1.61 1.75 1.35 10.04

Fig. 2 Transition position xT and suction � ow rates (Cq £ £ 104 ) plotted
against iteration number k for two-panel � at plate case: ——, transition
position; - - - -, panel one; and ¢ ¢ ¢ ¢ , panel two.

is an initial overshoot of the transition position, but this is quickly
recti� ed, with the desiredpositionobtainedwithin 10 iterations and
the optimum suction values within 15 iterations.

Consider now a plate with six evenly spaced panels, 0.2 long,
with a gap of 0.1 between the panels, the leading edge of the � rst
panel at x = 0.3, and the trailing edge of the � nal panel at x = 2.0.
With this con� guration the maximum distance to which the transi-
tion positioncan be forced is x ¼ 3.1. Suction distributionsand cost
for six different values of xd ranging from 1.7 to 2.9 are shown in
Table 1. In general, the � rst panel (0.3 ·x ·0.5) makes relatively
little contribution to the total suction effort, but as expected the sec-
ond panel (0.6 ·x ·0.8) plays a signi� cant role. The last suction
panel (1.8 ·x ·2) plays no role when xd = 1.7, as expected, be-
cause the transition position is now upstream of the leading edge of
this panel. It makes some contribution for xd ¸ 2 but never has the
largest suction, even with xd =2.9. As the transitionpositionmoves
down the plate, the peak suction rate also moves down the plate,
from panel 2 when xd =1.7 to panel 5 when xd =2.9. As expected
the cost increases nonlinearly with the increase in xd .

Table 1 gives the best solutionsobtainedover long runs (up to 500
iterations). However, there could be signi� cant variation during the
runs and between the runs for different xT . For xd =1.7, 2.0, and
2.6, the algorithm converged to a solution in fewer than 30 itera-
tions and held this solution. However, when xd =2.3, the algorithm
is less well behaved, taking more iterations to converge initially and
having problems maintaining the solution.4 This relatively poor be-
havior arises from the optimization problem not being well de� ned
for xd =2.3, at least within the numerical toleranceof the algorithm.
Even when the algorithm has locked on to the solution, the changes
in the individualsuction� ow rates are at least an order of magnitude
greater than those found for xd =2.0 or 2.6, with variations greater
than 20% in the larger � ow rates when the predicted value of xd

and the cost are constant to three signi� cant � gures. For xd = 2.9,
the algorithm was even worse behaved, but this was not surpris-
ing because this point is close to the maximum possible transition
position and, consequently, in a region where large changes in the
suction � ow rates are needed to achieve relatively small changes in
the transition position.

Plate with a Pressure Gradient
Although the � at plate con� guration provides a convenient test

problem, for many applicationsthe pressuregradientfrom the exter-

Fig. 3 Transition position for two suction panels as a function of the
Cq £ £ 104; contours are for constant xT from 1.3 to 2.4 in increments of
0.1; also shown are a number of contours of constant cost.

nal inviscid � ow will be nonzero. Experimentally, a nonzero pres-
sure gradient was generated by placing a constriction in the tunnel
on the wall oppositethe � at plate.Numerically,this canbemimicked
by calculating the inviscid � ow past a wall with a hump using po-
tential theory. The hump used is y(x) = h ¢ f (z) with h = 0.005 and
f (z) =1 ¡ 3z2 + 2 j z j 3 if j z j ·1 and0 if j z j > 1, where z =2 (x ¡ 1).
With this hump there are regionsof both favorableand adversepres-
sure gradient, which, respectively, either locally stabilize or desta-
bilize the � ow.

A number of runs were performed with this hump and the same
six-panel con� guration. For this case the natural transition position
with zero suction is at x ¼ 1.12, and the maximum downstream po-
sition of transition is x ¼ 3.1. Not surprisingly, the cost is greater
in this case than with the � at plate; for example, for xT =2.6,
S C 2

q ¼ 1.4 £ 10 ¡ 7, approximately double that with no hump.
Although a solution was obtained for xd = 2.6, for many other

values of xd the algorithm completely failed to converge to or hold
onto the desired transition position and associated cost once it had
found them. Calculationswere performed for xd =1.3–2.7, increas-
ing in steps of 0.1. For xd =1.3 and 1.4, there was no dif� culty in
� nding a solution; likewise for xd =2.5 and 2.7. However, for all xd

between 1.5 and 2.4 the algorithm failed to converge.
The reasons for this behavior are best examined using a simpler,

two-panel case in which the solution surface can be completely
mapped. Consider the case with the panels at 0.56 ·x ·0.92 and
1.12 ·x ·1.48. Contours of the transition position vs the suction
� ow rates plus some of the contours of constant cost are shown in
Fig. 3. It can be seen that xT as a function of the suction � ow rates
is discontinuous,with the contoursof xT for xT ¼ 1.5–2.1 terminat-
ing/originatingat thediscontinuityon the left in Fig. 3. Furthermore,
for much althoughnot all of xT in the rangeof 1.5–2.0, the minimum
cost is at the discontinuity.As can be seen from Fig. 3, for xT =2.0,
although the transition contour terminates at the discontinuity, the
minimum cost occurs somewhat to the right of the discontinuity,and
numerically the algorithm has no trouble � nding the optimum. The
optimum solution is easily obtained for xd ·1.4 or ¸ 2.0, but for xd

between1.5 and 1.9 the minimumcost is at thediscontinuity,and the
algorithmfails in these cases. The discontinuityin the surfacearises
froma combinationof the stabilizingeffect of the suctionand that of
the pressure gradient caused by the presence of the hump, whereby
a small increase in suction may move the transition point toward a
region of favorable pressure gradient,which when encounteredwill
cause a jump in the transition position.

Conclusions
Provided that the problem is well speci� ed, the optimization

method used quickly converges to a solution. By implication, this
has been assumed to be the optimum solution, although, except in
the two-panel case in which the complete solution surface can be
mapped, this has not been formallyproved.However, note that, if we
start from a different point with nonzero initial suction velocities,
the � nal solutionproduced is the same as that given. The questionof
possible local (rather than) global optima should not be ignored in
a study of this kind, and it has been found that, in at least one case,
the � at plate with six panels and xd =2.3, there is no single opti-
mum solution within the tolerance of the basic solution algorithm.
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Furthermore, for a different problem, with two panels and an im-
posed pressure gradient, there are regions between the maximum
and minimum transition position that are not accessible and other
positions for which a solutionexists but to which the algorithmwill
not converge. When the optimum occurs at a discontinuity in the
solution surface, the method is bound to fail because the gradient
estimation step involves constructinga local linear model of the re-
lationshipbetween the suction � ow rates and the transitionposition.
Of course, any solution scheme that relies on local smoothness of
the underlying data will also fail in such a condition.
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Nomenclature
ci = ampli� cation rate of Tollmien–Schlichting waves
cr = phase speed of � ow disturbances
i = imaginary unit
p0 = pressure associated with the basic � ow
p1 = pressure associated with � ow disturbances
Re = Reynolds number based on the half-channel height
SL (SU ) = amplitude of suction wave at the lower (upper) wall
t = time
(u, v) = amplitude function associated with � ow disturbances
(u1, v1) = velocity vector associated with � ow disturbances
k (u, v) k = energy norm associated with � ow disturbances;

Eq. (6)
V = total velocity vector
V0 = velocity vector associated with the basic � ow, (u0, v0)
vL (vU ) = suction velocity at the lower (upper) wall
x = streamwise coordinate
y = normal-to-the-wall coordinate
z = spanwise coordinate
a = wave number of wall suction and � ow disturbances

I. Introduction

U NIFORM surface suction is an accepted tool for stabilization
of laminar boundary layers. In applications the suction distri-
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bution is not likely to be constant. Thus, one must consider � ow
instability in the presence of suctionnonuniformities.Whereas spa-
tial distribution of these nonuniformities cannot be predicted apri-
ori, one can assume that their amplitude is of the same order as any
other environmental disturbances, as well as of the same order as
Tollmien–Schlichting (TS) waves. It is not known how the presence
of these nonuniformitiesmay affect � ow behavior.

Recently Floryan1 demonstrated that suction nonuniformitiesof
suf� ciently large amplitude induce an instability that manifests it-
self through generationof streamwise vortices. This instability rep-
resents a bypass route to transition that does not rely on the growth
of two-dimensionalTS waves during its early stages.2 The formula-
tion given in Ref. 1 assumes suction-induced� ow modi� cations to
be larger than � ow disturbances, and thus, it cannot resolve issues
being addressed in the present study.

The present work is focused on the analysis of the behavior of
two-dimensionalTS waves in the presence of suction nonuniformi-
ties that induce � ow modi� cations of the magnitude comparable to
the magnitudeof the TS waves. The spatialpattern of the nonunifor-
mities can be either � xed or moving. Because of the linearity of the
problem, it is suf� cient to consider suction in the form of a single
Fourier harmonic and to investigate the effects of variations of its
wave number and phase speed. The goals of this work are to de-
termine 1) whether suction nonuniformities affect neutral stability
conditions and 2) what type of suction nonuniformities may inter-
fere with the TS waves. The analysis is carried out in the context of
plane Poiseuille � ow, which represents a standard reference case.

II. Problem Formulation
Consider plane Poiseuille � ow con� ned between � at rigid walls

at y = §1 and extending to §1 in the x and z directions (Fig. 1).
The velocity and pressure � elds have the form

V0(x , y) = [u0(y), 0] = [1 ¡ y2, 0], p0(x , y) = ¡ 2x / Re

(1)

where the � uid motion is directed toward the positive x axis and
the Reynolds number Re is based on the half-channelheight and the
maximum x velocity. At the upper and lower walls, apply suction
in the form

u1(x , §1, t) = 0

v1(x , ¡ 1, t ) = vL (x , t ) = 1
2
SL ei a (x ¡ cr t) + CC

v1(x , +1, t) = vU (x , t ) = 1
2
SU ei a (x ¡ cr t ) + CC (2)

where cr and a denote the phase speed and the wave number of
the suction wave, respectively, and CC is the complex conjugate.
Because the problem is linear, the response of the � ow to an ar-
bitrary suction can be determined by considering only two cases:
1) SL = SU ´ (S, 0), symmetric suction,and2) SU = ¡ SL ´ (S, 0),
asymmetric suction,where S is real. The velocityand pressure� elds
can be represented as

V(x , y, t ) = [u0(y), 0] + [u1(x , y, t ), v1(x , y, t )]

p(x , y, t ) = p0(x) + p1(x , y, t ) (3)

where (u1, v1 ) and p1 are the velocity and pressure modi� cations
due to the presence of wall suction. We seek a solution in the

Fig. 1 Flow con� guration.


